L6sung zu SS12:
A1) a) y1=ex (_>05=1), y.=€e*-cosxbzw.y =e"-sinx (—>a/=1ii]

1 2 3 2
8

& P(o)=(a=1){(a=1)+i}{(a-1)-i} =0’ 302 + 40 -2=0

=0? -2a+2

@ ylll_3y11+4yl_2y=0

b1) y”’—3y”+4y’—2y=ex(3—4sinx)
_x-3e"  x-3e
Yr = P(1) 1

9, (X) =—4e*-sinx — einfache Resonanz zu o, =1+

9., (X) =3e* —»einfache Resonanzzu o, =1 =

—4x-e*-e"
P’(‘I + i)

N
=2

=2x-e*-sinx

= yP2=Im

also : Y aig =C,-e"+e" -(C2 cos x +C, sinx)+3x-ex +2x-e"sinx =

— eX(C1+C2 cosx+C3 sinx+3x+2xsinx)

b2) Yy -3y"+4y’'-2y=+ 2X-2X2:\/§-x-ex — Resonanz zu o, =1
&y, =x-(Ax+B)-e" =(Ax* +Bx)-e*

V= (Ax2+x (B+24) +B) e
( > in Dgl eingesetzt:

(Ax2+x(B+4A)+2 B+ ))

y;’3’=(Ax2+ (B+6A)+3(B+2A))-
Ax2+x(B+6A)+3(B+2A)—3- +
+4-(Ax2+X(B+2A)+B)—2-(Ax2+Bx)i\/§-x

V2 V2,

A=—; B=0 & =—X"€
2 Ve 2

o 2A.-x+B=\2.x o

i) AWP: y(0)=1; y’(o)=2; y"(o)=3.-
(1) 1=c,+c,
, X[C1+C2cosx+Cssinx+3x+2xsinx+Cscosx—Czsinx+3]
y'=e

+2X COS X + 2 8in x



c2)

(2) 2=c,+c,+C,+3 =|c,=-2
=7

_[c,+(c,+C,)cosx+(C,-C,)sinx+3x+

y =¢

2xsinx+3+2xcos x+2sinx

—(C2+C3)sinx+(C3—Cz)cosx+3+2xcosx+23inx+4cosx—2xsinx

(8) 3=C,+C,+C,+6+C,-C,+4=C +6 &|C,==8 ; C,=4

also : Yoper = -3e* +4x-e* cos x —2e”" sin x + 3xe*
=e* (3x— 3+4cosx+23inx(x—‘|))=
Potenzreihe Uber Dgl-Ableitung:

—y”(0)=38+9-8+2=6

+2x-e*sinx =

e” {(x—1)-(3+23inx)+4cosx}

y(4) -3y +4y” -2y’ =¢e" (3—4sinx—4cosx)

- y1(0)=18-12+4-1=]9
y -3yl L ay” 2y = e (3-8cosx)
-y (0)=27-24+6-5=|4

y(e) - 3y(5) +4y(4) —-2y” =¢e”" (3— SCosx+83inx)

-y (0)=12-36+12-5=|-17

also :

4

y T PP Y LI DL I S SV LA
w2 T qy” Tp1” T310 41" 517 6!
=1+2x+§x2+x3+§x4+ix5_1 6
2 8 30 720
Y spez (1) =~5,8847 ; y_ . (1) =e .(4 cos 1) =5,87478....

5,8847 —-5,8748
5,8748

Relativer Fehler:

-100% = |0,17%




A2) a)

5 3 2 5-1 3 2
A=| 6 -4 —4 | =det(A-1E)=| 6 -4-1 —4 |=—{A(A-1)(2-2)=0
1 1 2 1 1 2—-1
3 reelle Eigenwerte mit Vielfachheite, =1: A =0; A4,=1 A,=2;
5 3 2 1 1 2 1.0 =2
ad A,=0: 6 -4 -4 ~l o 2 8 |~] 01 4
11 2 ) (-9 00 0
; rg=2 ; n-rg=|[1 (‘IEV)
1 0 -1
~1 0 1 2
0 0 O
110
~| 0 0 1
0 0O
. 2 1 1
Lésung: |y,=C,-| —4 |+C,:| —2 |-€*+C,:| —1 |-&*
1 1 0

b) Inhomogenes System:
R — 1 _ _ —
y'=A-y+| -1 |- & Resonanzzul, =2 @yP=(a3-x+b)-e2

3 N —
lineares Polynom

2x X

—_—
E—

y;=(2a3-x+25+;3)-e

2 in Dgl eingesetzt:

S 1

(2a3-x+25+a:)-ezx=A-(;3-X+B)-ezx+ 1 |-e*
3




Koeffizientenvergleich: (‘I) A-a,=2a (:)(A—QE)-ad3 =0... erflllt

3

1 1 0

@ 2b+a,=A-b+| -1 | o(A-2E)-b=a-| 1 |=| 0
3 3 -3
3 3 21|60 11 0 | -3 11 0|-3
6 6 —4 | 0 ~l 00 2 9 [~ 00 2|9
11 0|3 )} Jlooo]o
- 1 -3 x-3
i Ye=|| -1 ['x+| 0 |[e =] —x |e”
0 4,5 4,5
2 1 1 x-3
also |y, =C;| -4 |+C,-| —2 |-€+C,-| -1 |-€”+| -—x [€&F
1 1 0 4,5

= 47 2x
Kontrolle firy, =5y, +3y,+2y_ +1-e
y1' =C, -eX+2C3-ezx+ezx(1+2x—6)=‘02-eX+203-e2X+e2X(2x—5)

allg

5y,+8y, +2y,+1-6” =10C, +5C, -" +5C, - 6% +5(x - 3) - 6>
—-12C,-6C,-e* -3C, -e* - 3x-e**
+2C +2C,-e" +9.e + e

= C, e +2C,-e” +e”(5x-15-3x+9+1) o

=2x-5

A3) a)
.
3x2. ln( y+ 1)
- )(3 - 3
V= +z° ; divv=6x-ln(y+1)— ~+2y+cosz
y+1 ( y+ 1)
2yz+sinz )
es existieren Quellen und/oder Senken
. 2z-2z 0
rot v = 0-0 = 0 ... Wwirbelfrei. Gradientenfeld existiert!
2
3x° 32 . 1 0
y+1 y+1
gradv ... nicht definiert
b) Weg C1 : L ¢




1 t3 ’
J, I[Stz-In(t+1)+t+1+1]dt=[t3-ln(t+1)+t]o= 1+1In2
0

Weg C, : wj=[:2] ; drz(t)=[

1
ot ]dt ; 0<t<1
1

3

J, = j[st2 In(t? +1)+2t-[t2t+1+1]] at=[t*-in(t* +1)+£] =[1+m2
0

0

c) Gradientenfeld u(x,y,z) :

g—z=3x2oln(y+1) =>u(x,y,z)=x3-ln(y+1)+C(y,z)\

w_ x° L9C . x°
oy y+1 dy y+1

+ Z° :>C(y,z)=y-22+C(z)

g

g—g=2yz+C’(z)i2yz+sinz :>C(z)=—cosz+K

& u(x,y,z)=x3-In(y+1)+y-zz—cosz+K

u(1,1,1)—u(0,0,1)=1-In2+1—cos1+K—(O+0—cos‘|+K)= 1+In2 o



